ABSTRACT. A right-bounded factor is an element in a ring that generates a right ideal which contains a nonzero two-sided ideal. Right-bounded factors in an LCM domain are considered as a generalization of the theory of two-sided bounded factors in an atomic 2-fir, that is, a weak Bezout domain The effect of assuming that right bounds are two-sided is also considered. 0. Introduction. The theory of bounded factors in a principal ideal domain is well established [11]. More recently, this was generalized to 2-firs (i.e. weak Bezout domains) satisfying the ace and dec for left factors [6] . Our purpose here is twofold: (i) to study ng/zr-bounded factors, and (ii) to carry this out in the more general context of right LCM domains (intersection of any two principal right ideals is principal), a class of rings which was described in [2] and [3].
0. Introduction. The theory of bounded factors in a principal ideal domain is well established [11] . More recently, this was generalized to 2-firs (i.e. weak Bezout domains) satisfying the ace and dec for left factors [6] . Our purpose here is twofold: (i) to study ng/zr-bounded factors, and (ii) to carry this out in the more general context of right LCM domains (intersection of any two principal right ideals is principal), a class of rings which was described in [2] and [3] .
It was shown in [2] that for right LCM domains satisfying an additional mild hypothesis (M) factorization into primes is unique up to order of factors and projective factors. In § 1 we collect this and other related facts that will be needed. Right-bounded factors in a ring R are considered in §2; their right bounds exist if R is a complete right LCM domain (intersection of any collection of principal right ideals is principal). In §3 we consider right-bounded primes. The right bound p* of a prime p is described in some detail. For example, it is shown that if R is an LCM domain satisfying (M) and the dec for left factors then p* can be factored into primes that are projective (in fact transposed) to p. The possibility of factoring p* which is right invariant into further right invariant factors is also discussed. In §4 we consider right bounded elements 1. Preliminaries. All rings considered here have no proper divisors of zero and have a unity. A ring 7? in which the intersection of any two principal right ideals is again principal is a right LCM domain. In contrast, a 2-fir is a right LCM domain in which the sum of two principal right ideals having nonzero intersection is also principal. The most immediate example of a right LCM domain that is not a 2-fir is the ring of polynomials in (more than one) commuting indeterminate over a field. Additional examples of right LCM domains that need not be 2-firs can be found by considering rings of formal power series over a principal right ideal domain (cf. [7, Theorem 9] ). In this section we gather the prerequisite facts related to right LCM domains some of which may be found in [2] . In particular, any proofs that are omitted below are given in [2] . For two elements a, a' in a ring 7? we define a tr a' if there is a relation ab' = ba' in which (a, b)t = 1 and [a, b]r = ba'; in this situation a and a' are said to be transposed since the posets [aR, R] and [ba'R, bR] (= [a'R, R]) are transposed intervals. If 7? is commutative then a tr a' is equivalent to aR = a'R, and if R is a 2-fir then a tx a' is equivalent to R/aR = R/a'R, i.e. a and a' are similar (cf. [8] where a 2-fir is called a weak Bezout domain). Proposition 1.2. In an LCM domain the relation tr is transitive.
Proof. Let atta' and a'ira". Thus ab' = ba' = [a, b]r and a'c = ca" = [a', c]r with (a, b\ = (a', c), = 1. Using Proposition 1.1 we have (ab', bc)¡ = b and putting this together with (a, b)¡ = 1 we obtain (a, bc)l = 1. Considering the relation a(b'c) = (bc)a", we shall have shown a tr a" once we show that [a, be] r = (bc)a". Now a'R D cR = ca"7? and so Z>a'7? n &c7? = bca"R; replacing ba'R by aR CibR in the last equation we obtain aR n bcR = oca"7? as desired.
In an LCM domain the relation tr is left-right symmetric because of (1) and (2); however it is not a symmetric relation (see Example 2.9 below). We therefore define a and a' to be projective, and write a pr a', if there is a sequence a =al, a2, • • • , an = a' in 7? in which either a,tra/+1 or ai+i tr af Projectivity is an equivalence relation in any ring and is left-right symmetric in an LCM domain.
By a prime ( = atom) we understand a nonunit p =£ 0 in a ring 7? that has no proper factors; this is equivalent to \pR, R] = {pR, R}. Maximal finite chains in [«7?, R] correspond to complete factorizations of a into primes. We shall say that a ring 7? has the ace (dec) for left factors if the poset [aR, R] of "left factors" of a has the ace (dec) for each a =£ 0 in R ; one also says that 72 has the ace (restricted dec) for principal right ideals. The proof of Theorem 1.3 uses the fact that the relation tr preserves primes as well as units. Although these properties follow from the fact that transposed intervals are isomorphic if 7? is an LCM or a complete right LCM domain satisfying (M) they can be obtained more generally. Since the proofs are not given in [2] we include them here. Proposition 1.4. Let R be a ring in which a tr a'.
(i) a is a unit if and only if a' is a unit.
(ii) 7,er 7? satisfy (M); if a is a prime then a' is prime, and the converse holds if, in addition, R is a right LCM domain.
Proof. The proof of (i) is easy and shall be omitted. To prove (ii) let ab' = ba' = [a, b]r with (a, b)¡ = 1. Assume that a is prime and let a' = zy. Then aR nbR= bzyR = aR n bzR. We consider two cases. First, if a7? Ç dR and bzR Ç dR for some nonunit d; then a7? = dR since a is prime; thus bzR CaRCibR = bzyR which implies y is a unit. On the other hand if a and bz do not have a common left factor other than units then (a, bz)¡ = 1 ; thus (a, b)¡ = 1 also, and we may apply (M) and conclude that z is a unit. This shows that a' has no proper factors and is therefore prime.
To prove the converse let a = zy. Then (z, b)¡ ■ 1 because (zy, b)t = 1. Now zyR fi bR Ç z7? n bR and we again consider two cases. First if the containment is equality then y is a unit by (M). In the other case we may put zR CibR = bz'R (since 7? is a right LCM domain) so that ba'R S¡ bz'R. Since a' is prime we must have z' a unit, and since z tr z, z must also be a unit. Thus a has no proper factors and is therefore prime.
We shall also need the following result (cf. If 7? is a right LCM domain satisfying (M) then because of Theorem 1.3 we may define the dimension of a nonzero element a in 7?, dim (a), to be « if a is the product of « primes and °° otherwise. Thus dim (a) = 0 if a is a unit and dim(a) = 1 if a is prime. Using Theorem 1.5 we see that if a tr a' then dim (a) = dim (a').
We conclude this section with the following proposition which will be needed later. (ii) Let R be an LCM domain satisfying (M). If q is a prime left factor of a product of primes pxp2 • • • p" then q tr p¡ for some j.
Proof.
Let q be a prime left factor of ab and suppose that q is not a left factor of a. Then (a, q)¡ = 1; putting [a, q]r=aq' we find q tr q and q is a left factor of b.
To prove (ii) write a =pltb =p2 • " pn; letting q be a left factor of ab we find by (i) that either q is a left factor of pv in which case qR = pvR (and so q tr px), or q tr q where 17' is a left factor of p2 • • • pn and is also prime. Proof. By Theorem 2.2,aR =a*R Ç a'7?; also dim(a) = dim(a') and since this number is finite we must have a7? = a'7?. Proof. Let ab' = ba' be a generator of aR O bR. Then atra' whence a'7? = a7? and so ba'R -baR.
We recall that the quotient ring RS'1 = {rs-1 |r G 7?, s G S} of 7? with respect to S is defined provided that 5 is a right Ore system in 7?, i.e., a submonoid of 7?* (the monoid of nonzero elements of 7?) satisfying bRCicS¥:0 for each b G S.cGR*. It is not difficult to prove that the set of all right invariant elements together with all of their factors is a right Ore system in any integral domain (cf. be the ring of (skew) formal power series in an indeterminate x over F in which coefficients are written on the right of x and multiplication is determined by ax = xo(a). We extend a to 77 by defining o(x) = x. We observe that xy = yx is central in 7? since for any a G F, axy = xo(a)y = xya. Also, x is right but not left invariant and y is left but not right invariant (a is not an epimorphism). The right bound of y is y* = xy while x* = x; thus the right bound of a prime need not be the right bound of each of its prime factors. We consider the right bound of primes more closely in the next section.
Finally we show that y tr x. For, if a G F\a [F] then yR D ayR = ayxR and yR V ayR = 7?; in fact the equation y(xa) = (ay)x is left and right coprime, i.e., (y, ay)¡ = (x, xa)r = 1. However, it is not true that x try; otherwise Theorem 2.1 yields x7? Ç^ Ç^T? which is not possible. This result has a number of consequences. Proof. All assertions except the last one follow directly from (6), Theorem 1.3, and the left-right analogue of Theorem 1.5. Turning to the last statement let q be a prime right factor of b*. By the left-right analogue of Proposition 1.6(ii) we have p tr q where p is a prime factor of some a'j, and since a;-tr a'j there is a prime factor p of a¡ such that p tr p (again by Theorem 1.5). Hence p tr q by Proposition 1.2 and p is a factor of b.
Up is a prime with right bound p* then equation (4) has the form p*R = Hip'Rlptrp'}.
Applying Theorem 3.1 in this case we obtain the following explicit description of P*.
Theorem 3.2. Let R be an LCM domain satisfying (M) and the dec for left factors. If p is a right-bounded prime in R then its right bound p* can be factored (7) P*=p\ •" p'n with p tr p\.
All prime factors of p* are projective to p, and if q is a prime right factor of p* then p tr q.
Under the hypotheses of Theorem 3.2 the right bound of a prime has finite dimension. At the end of this section we give examples of primes whose right bounds have infinite dimension. We note the following criterion for distinguishing the right bounds of primes in a 2-fir (cf. [6] for the case of a (two-sided) bounded prime). Notwithstanding the last result we have seen in Example 2.9 that for primes p and q in a ring 7?, p tr q need not imply that p*R = q*R; we must also assume q tr p. We now turn to the question of factoring p* into right-invariant factors.
Proposition 3.4. Let R be an LCM domain. If q is a prime right factor of be where b is right invariant then q is either a left factor of b or a right factor of c.
Applying the left-right analogue of Proposition 1.6(i) we find that either q is a right factor of c or p tr q for some right factor pofb.
In the latter case we have bR Ç Ib Ç qR by Theorem 2.1, i.e. q is a left factor of b. The hypothesis on p* in Theorem 3.5 cannot be dropped as an example at the end of this section shows. Under the hypotheses of Theorem 3.2 we can show that p* cannot be factored into the product of two right-invariant elements that are relatively prime; this is due to the fact that p is indecomposable, a topic which we take up in the next section. We can sharpen Theorem 3.5 a bit but first we note the following whose proof is obvious. Proposition 3.6. Let 7? be a complete right LCM domain and let a G 7? be right invariant. Then a has no proper right-invariant factor if and only if a is the right bound of each of its factors.
Theorem 3.7. Let R be a complete right LCM domain having either the ace or the dec for left factors and let p be a prime with right bound p*. Then p* has no proper right-invariant factor if and only if p* is the right bound of each of its prime factors.
Proof. Let p* be the right bound of each of its prime factors and suppose that b is a factor of p* which is right invariant; thus p* = be for some c. Using either the ace or the dec we may select a prime factor q of b which will be a left factor. Then p*7? CbRCq*R= p*R. The converse follows from Proposition 3.6. Corollary 3.8. Let R be a 2-fir having the dec for left factors and let p be a right-bounded prime in R. Then p* is the right bound of each of its prime factors; thus p* has no proper right-invariant factor.
Proof. If q is any prime factor of p* then q is similar to p by unique factorization and hence p* = q* by Corollary 3.3. Thus we may apply Theorem 3.7 to complete the proof.
Example 3.9. The following example is taken from [9] . Let 7/ = E(t{) [y, o] where F(t¡) is the commutative field generated by an infinite number of indeterminates tt over a field F, a is the monomorphism of F(t¡) defined by o(t¡) = t¡+ j, and multiplication in H is defined by ay = yo(a). Then H is a PRI domain to which o may be extended by defining a(y) = tl.
Thus o maps H into F(t¡). Let R=H[x,
a] where multiplication is determined again by «x = xo(h). Then R is also a PRI domain [12] and consequently an LCM domain satisfying (M) which is right complete.
The ring R does not have the dec for left factors as the following sequence of equations shows:
It can be shown just as in Example 2.8 that the right invariant elements of 7? are just the nonzero monomials x'y'a^ while the only left invariant elements of R are the units. The first equation in (8) shows that each nonzero element of H is bounded by x; consequently the nonzero polynomials in H that are not monomials all have right bound x. For example x is the right bound of the prime 1 + y but not of the prime y (which is its own right bound). Thus x is not the right bound of each of its prime factors. Since (1 + y)* = x, equations (8) with « = y show that the right bound of a prime can have proper factorizations into right invariant elements. In contrast to the hypothesis in Theorem 3.5 it is easy to see that x has no prime right factor; in the language of[l],x is an inf*1 aprime (an infinite dimensional "prime"). This example also shows that the dec is essential in Corollary 3.8. is left-right symmetric in an LCM domain by equations (1) and (2). In a 2-fir this definition is equivalent to the condition that the 7?-module 7?/Z>7? be decomposable as the direct sum of the factors 7?/a7? and 7?/c7?. If a, ft, and c are all right invariant in the definition above then b is said to be RI-decomposable. As usual indecomposable means not decomposable.
Using Corollary 2.6 we obtain the following characterization of 7?7-decomposability. Proof. As we have remarked b* is the power of an 7-prime. Let us assume that b* = (p*)n where p is a prime. If q is a prime factor of b then q divides (p*)n and so q divides p* (e.g. by Proposition 3.4); thus p tr q by Theorem 3.2 and the fact that p* must also be invariant. This concludes the proof of the theorem.
Referring to Example 2.9; we find that y" is indecomposable and has invariant (in fact central) right bound given by (yn)* = (xy)n = (y*)". Proof.
First we observe that every prime factor q of (p*)k has bound p*; this follows by Theorem 5.2 and the fact that q must divide p*. Let a be a right-invariant factor of (p*)k. In view of Theorem 5.1 we assume k > 1 and proceed by induction. If (p*)k = ax then x must be left invariant. Assuming that a is not a unit we may write a = p*y; putting this into the previous equation and cancelling we obtain (ii) (P*)*-1 =yx which shows that y must be right invariant. Applying the induction hypothesis to (11) we find that y is a power of p* (possibly a unit). Therefore a is a power of p*. (12) shows that (p*)k~1R Ç a*R n c*R Ç b*R which is a contradiction; thus b is indecomposable.
